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RESUMO

A clustering analysis can be perform over regression curves in a nonparametric context.
We afford an approach based on estimating and classifying regression curves, if any, into
a number of clusters, say K. Classical methods such as k-means can be suitably used
for this purpose. The choice of the optimal number of clusters is a challenge problem.
In this study, we propose an efficient clustering procedure to classify the regression
curves both fixed K a priori and unknown K in advance. Our procedure for choosing
the number of clusters is a bootstrap based test. Additionally, we demonstrate via a
simulation study the well-performance forthe classification of the curves and the choice
of the number of clusters. Finally, the methodology was applied to barnacle dataset
collected from the Atlantic coast of Galicia.

Palabras e frases chave: Regression curves, k-means, clustering, bootstrap, local polynomial
kernel smoothers.

1. INTRODUCTION

One of the main goals of statistical modelling is to understand the dependence of a response
variable, Y , with respect to another explanatory variable, X. This type of dependence can be
studied through nonparametric regression models, where the relationship between Y and X is
modelled without specifying in advance the function that links them. In some situations, study of
the regression curves obtained from these type of models can be useful on the comparison of two
or more groups, which is an important problem associated with statistical inference.

Let (Xj , Yj) be J independent random vectors, and assume that they satisfy the following
nonparametric regression models, for j = 1, . . . , J

Yj = mj(Xj) + εj (1)

where the error variable εj have mean zero and mj(Xj) = E(Yj |Xj) is the unknown regression
function. Suppose that the covariates Xj have common support RX . From the formulation of the
model in (1) gives rise to several questions of interest, can these curves be classified into groups or
clusters and, if so, how many of them?.

Several approaches have beed described in the literature related with cluster analysis techniques
(Everitt, 1980). These techniques tend to achieve accuracy in identification of homogeneous groups
of individuals in a dataset. Some examples widely known and used in different applications are the
k-means algorithm (Macqueen, 1969) or Forgy method (Forgy, 1965). However, these procedures
usually require the user to specify the number of clusters K in advance, and it is considered to be
one of the biggest drawbacks of these methods.

Our primary objective in this study is to classify regression curves into clusters selecting the
optimal number of them by bootstrap techniques (Efron, 1979).
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2. METHODOLOGY

The regression model in (1) is estimated using local polynomial kernel smoothers (Fan and
Gijbels, 1996; Wand and Jones, 1995). These smoothing techniques estimate the value of the
regression curve at a certain point x by averaging locally the values of the response corresponding
to the values of the covariate which are close to x.

Given a i.i.d. sample {(Xij , Yij)}
nj
i=1 from (Xj , Yj), for j = 1, . . . , J and denote n =

∑J
j=1 nj ,

the estimate of one mj at a point x is given by m̂j(x) = α̂0(x), where α̂0(x) is the first position of
the vector (α̂0 (x) , α̂1 (x) , . . . , α̂R (x)) which is the minimiser of

∑nj

i=1

{
Yij −

∑R

r=0
αr (x) (Xij − x)

r

}2

·K
(
Xij − x
hj

)
, (2)

where K is a kernel function (normally, a symmetric density), hj is the smoothing parameter or
bandwidth and R is the degree of the polynomial.

It is well known that the nonparametric estimates depend heavily on the bandwidths h1, . . . , hJ
used in the kernel-based algorithm for the estimation of the functions m1, . . . ,mJ . Various methods
for an optimal selection have been suggested, such as Generalised Cross-Validation (Golub et al.,
1979). As a practical solution, the bandwidths used in the nonparametric estimates are automati-
cally selected by cross-validation. However, the use of this technique implies a high computational
cost and binning techniques are used to speed up computation.

As already mentioned in the Introduction, the main goal of the present paper is to classify the
initial regression curves through a certain number of clusters, say K. If these curves are equal,
all of them belong to the same group or cluster. By contrast, if they are different, the curves mj

(j = 1, . . . , J) will be clustered in more than one cluster.
For this purpose, it is required to obtain a function π : {1, . . . , J} −→ {1, . . . ,K}, so that each

curve mj is associated to the cluster π(j) ∈ {1, . . . ,K}. Thus, we propose the use of one of the
most popular iterative clustering methods, called the k-means algorithm, which aims to partition
the input observations into clusters in which each observation belongs to the cluster with de nearest
mean. However, instead of a set of observations, we consider the m̂1, . . . , m̂J curves as input.

Accordingly, given a function π, it is possible to rewrite the model in (1) as follows

Yj = cπ(j)(Xj) + ε′j , (3)

where c1, . . . , cK are the functions called centroids and the error variable ε′j have zero mean.
At this point, having classified the regression functions into a number of clusters —fixed a

priori— the question that arises in this type of procedures, and has not been totally solved, is to
select the optimal number of clusters K. Several strategies for this purpose have been described
over the years. A very comprehensive comparative study was carried out by Milligan and Cooper
(1985). However, in our knowledge none of the existing methods of determining the number of
clusters is completely satisfactory and furthermore, these techniques cannot be employed when
data are functions or curves.

We introduce a bootstrap based test that allows us to determine how many clusters are needed.
For a given number K, we are interested in testing the null hypothesis of clustering the initial
regression curves into K cluster versus the alternative in which these curves can be assigned to
more than K clusters. For example, to test wether the initial curves can be classified into K = 1
clusters is equivalent to say that all the curves are equal. In other words, if this hypothesis is
true, this means that all the curves would be included in a unique cluster assuming the equality
of them. When the previous hypothesis is rejected, it will be required to test K + 1 clusters. If
this new hypothesis is again rejected, K+ 2 clusters should be tested and so on until a certain null
hypothesis is accepted.

To test null hypothesis five test statistics are considered:

T1 = sup
j

nj∑
i=1

(
m̂j(Xij)− ĉπ(j)(Xij)

)2
,

T2 = sup
j

nj∑
i=1

| m̂j(Xij)− ĉπ(j)(Xij) |,
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T3 = sup
k

J∑
j=1

j:π(j)=k

nj∑
i=1

| m̂j(Xij)− ĉπ(j)(Xij) |,

T4 = RSS0 −RSS1 (Dette, 1999),

T5 =
RSS0 −RSS1

RSS1
(Fan&Jiang, 2005),

being RSS0 =
∑J
j=1

∑nj
i=1 (Yij − ĉπ(j)(Xij))

2 and RSS1 =
∑J
j=1

∑nj
i=1 (Yij − m̂j(Xij))

2.
The procedure to test the null hypothesis is as follows: first, for j = 1, . . . , J , estimate mj

according to the model in (1) using the local polynomial kernel smoothers described above. Second,
obtain the function π(j) with the k-means algorithm and consequently, estimate the centroids
c1, . . . , cK . Finally, it is possible to compute the T value —referring to T1, T2, T3 , T4 and T5.

It is important to emphasize that, if the null hypothesis is verified, T should be close to zero.
The decision rule based on T consists of rejecting the null hypothesis if T is larger than its (1−α)-
percentile obtained under the null hypothesis. The bootstrap methods are used to approximate
the critical values of T , specially the wild bootstrap. The steps are as follows:
Step 1. Compute the T value from the sample as explained above.
Step 2. For b = 1, . . . , B and for each j = 1, . . . , J generate bootstrap samples

{
Xij , Y

•b
ij

}nj
i=1

with

Y •bij = ĉπ(j)(Xji) + ε•bij , and ε•bij being

ε•bij =

{
ε̂ij · (1−

√
5)

2 with probability p = 5+
√
5

10

ε̂ij · (1+
√
5)

2 with probability p = 5−
√
5

10

where ε̂ij = Yij − ĉπ(j)(Xij) are the errors under the null hypothesis, and compute T •b the same
way as in Step 1.

Finally, the decision rule consists of rejecting the null hypothesis if T > T 1−α, where T 1−α is
the empirical (1− α)-percentile of values T •1, . . . , T •B obtained before.

3. SIMULATION STUDY

Here, we describe the simulation results of our proposed procedure. We consider a scenario
where the explanatory covariates Xj , for j = 1, . . . , 7, were drawn from an uniform distribution
[−2, 2], and the continuous responses Yj were generated in accordance to

Yj = mj(Xj) + εj

where

mj(Xj) =


X2
j if j ∈ {1, 2}

2(X2
j − 1) if j ∈ {3, 4}

4−X2
j if j ∈ {5}

4−X2
j + aXj if j ∈ {6, 7},

εj are the errors distributed in accordance to a N(0, σj) with σj(x) = 0.3, and a is a constant
ranging form 0 to 2. 1000 independent samples {(Xij , Yij)}

nj
i=1 were generated from the above

model.
To determine the critical values of the test we applied the bootstrap method. Specifically,

this entailed 3000 bootstrap samples for calculating type I error and 1000 bootstrap samples for
calculating the power under the alternative. Additionally, the performance of the test was checked
for different nominal levels (1, 5, 10, 15 and 20% ) and for different sample sizes (nj = 25, 50, 100
and 200).

We explore the validity of the test considering the null hypothesis of classifying the curves into
three groups (K = 3) under the above model. The value a = 0 corresponds to the null hypothesis
and as the a value rises, so does the number of clusters to the alternative hypothesis.
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Table 1: Type I error (%) for the test based on T , referring to T1, T2, T3, T4 and T5.

Level

nj T 1% 5% 10% 15% 20%

25 T1 0.1 4.4 9.1 15.3 20.9
T2 0.7 5.4 10.7 16.5 22.1
T3 0.9 5.6 10.3 17.5 23.4
T4 0.7 4.9 12.9 20.1 27.2
T5 0.5 3.6 9.6 15.6 20.6

50 T1 0.8 6.1 11.6 15.9 21.0
T2 0.6 6.8 11.4 16.0 21.8
T3 1.1 5.3 11.7 16.7 21.8
T4 0.9 6.2 11.2 17.5 22.8
T5 1.0 5.4 9.9 15.2 20.4

100 T1 1.0 5.4 10.4 16.8 23.8
T2 0.9 6.2 11.2 17.4 24.1
T3 0.6 5.8 11.2 16.2 22.3
T4 1.2 7.2 12.9 18.4 23.5
T5 1.1 6.7 12.1 17.4 22.4

200 T1 0.5 4.6 10.2 15.8 20.8
T2 0.5 5.0 9.6 14.9 20.1
T3 0.9 5.0 9.7 14.7 19.6
T4 0.7 4.4 10.3 15.6 21.7
T5 0.7 4.4 10.0 15.2 21.2

We study the type I error of T1, T2, T3, T4 and T5 and the results obtained (expressed in %)
are shown in Table 1. All the test statistics perform similarly and reasonably well in most cases,
with the level being hold or coming fairly close to the nominal size, especially with large sample
sizes. Figure 1 shows the results comparing the power of the proposed test statistics. As can be
seen, the behaviour of the power is as expected, i.e. with the increase in the value of a and sample
size the proportion of rejections rises. It seems that T2 performs slightly greater power than the
others.

3. APPLICATION TO BARNACLE DATASET

This study was conducted on the Atlantic coast of Galicia (Northwest Spain), which consists of
an approximately 1000km long shoreline with extensive rocky stretches exposed to tidal surge and
wave action that are settled by the Pollicipes pollicipes (Gmelin, 1789) populations targeted for
study. Specimens were collected from five sites of the region’s Atlantic coastline: Punta do Mouro,
Punta Lens, Punta de la Barca, Punta del Boy and Punta del Alba (Figure 2). Two biometric
variables of each specimen were measured: RC (Rostro-carinal length, maximum distance across
the capitulum between the ends of the rostral and carinal plates) and LT (total length). The idea
of this study is to know the relation between both variables, i.e. if the barnacle’s growth is similar
in all locations or by contrast, if it is possible to detect geographical differentiation in growth.

For each location, nonparametric regression curves were estimated to modelling the dependence
between RC and LT (Figure 3). In order to classify them into clusters, we used the proposed
procedure obtaining the following results: three estimated curves were attributed to cluster 1
(Punta do Mouro, Punta Lens and Punta del Alba) and two estimated curves were assigned to
cluster 2 (Punta de la Barca and Punta del Boy) (Figure 4). As can be seen in Figure 4, the
specimens from Punta de la Barca and Punta del Boy have similar morphology. It can be possible
because these zones present similar oceanographic characteristic, such as exposed rocky shore.
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Figure 1: Comparing the performance of all the test statistics for 1 and 5% (first and second
column, respectively), and for nj = 25 and 50 (first and second row, respectively).
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Figure 2: Sampling sites: (1) Punta do Mouro, (2)Punta Lens, (3) Punta de la Barca, (4) Punta
del Boy and (5) Punta del Alba.
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Figure 3: Estimated regression curves colored by location.
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Figure 4: For each location, estimated regression curves colored by clusters. Red lines: estimated
curves classified into the cluster 1. Black lines: estimated curves classified into the cluster 2.
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